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Abstract. We show that the metric entropy of a difleomorphism with a 
dominated splitting and the dominating bundle uniformly expanding is bounded 
from above by the integrated volume growth of the dominating (expanding) 
bundle plus the maximal Lyapunov exponent from the dominated bundle mul- 
tiplied by its dimension. We also discuss different types of volume growth that 
can be associated with an expanding foliation and relationships between them, 
specially when there exists a closed form non-degenerate on the foliation. Some 
consequences for partially hyperbolic diffeomorphisms arc presented. 



1. Introduction and results 

In this paper we will prove an inequality for the measure-theoretical entropy 
of a partially hyperbolic diffeomorphism, and we will discuss about different 
types of volume growth that can be associated to the unstable foliation and rela- 
tionships between them, in special under some additional topological information. 
The inequality can be viewed as a mixture between the well-known Pesin-Ruelle 
inequality between the metric entropy and the sum of the positive Lyapunov expo- 
nents, and the inequality between entropy and integrated volume growth obtained 
by Przytycki for C^'^'^ diffeomorphisms, extended by Newhouse to C^"'"'' maps, and 
eventually shown to be an equality for C°° maps by Kozlovski. 

Let M be a compact Riemannian manifold and f a diffeomorphism on M. 
If fi is an ergodic invariant measure for /, then, by Oseledets Theorem, there exist 
Ai < A2 < • • • < As (called Lyapunov exponents), positive integers di,d2, . . . ,ds 
(their multiplicities) with di + d2 + ■ ■ ■ + dg — dim(M), and a measurable invariant 
splitting TM = Ex^ (BEx^®- ■ -©-Ea^ (the Lyapunov splitting), with dim{Exi) = di, 
such that for /it-almost every x e M we have 

lim - log \\Dr{v)\\ = A„ V« e Ex^ \ {0}. 

n— ^±00 TL 

An invariant splitting of the tangent bundle TM = E^ G) E^ is called dominated 

if 

P/U^mII > \\Dr'\EHfi.))\\-\ e M. 

In other papers this condition is required to hold for some power of /, however one 
can always reduce to this simpler condition by changing the metric or replacing / 
by some power of it. It is well-known that if there exists a dominated splitting, then 
the Lyapunov splitting will be subordinated to it, meaning that there exists some 
r < s such that E'^ = Ex^ © • • • © Ex^ and E'^ ^ Ek+i ffi ■ ■ • © Ex^ (whenever the 
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Lyapunov bundles are defined). We will denote the maximal Lyapunov exponent 
on by A^i (in this case it will be A^). 

We define the integrated volume growth of E'^ to be 

z7s2(/)=limsupilog / ||A'^'-(^')i?rU2||dLe6. 

Given an invariant measure /i for a map /, one can define the metric (or measure- 
theoretic) entropy of / with respect to /i, denoted h^{f), in several equivalent ways. 
We will use the Katok definition for ergodic /i. Let dn be the metric on M defined 
by dn{x,y) = maxo<j<„ d(/'(a;), /'(y)), Vx,?/ e M. We denote by N{n,S,f,fi) the 
minimal number of balls of c?„-radius 6 covering a subset of M of /i-measure greater 
than one half. Then 

= limlimsup-log7V(n, 5, /,^). 

Theorem 1.1. Let f be aC^ diffeomorphism of the compact Riemannian manifold 
M, which has a dominated splitting TM = E'^'^ (BE^, with the bundle E^ uniformly 
expanding, and let /x be an ergodic invariant measure for f. Then 

h^{f)<VEAf) + dMEn^U- 

We make some remarks about this result. First, we remind the Ruelle inequality 
for a map / and an ergodic invariant measure ^: 

hM) < E 

Ai>0 

There is also the inequality obtained by Przytycki and Newhouse for C^'^" maps: 
h{f) < limsup-log / \\A*Df"\\dLeb. 

Our result uses a Przytycki-type estimate in the direction of the unstable bundle E'^ 
and a (weaker) Ruelle- type estimate in the direction of the central-stable bundle E^ . 
In the case of C^+" maps a stronger inequality was already obtained by Kozlovski 
(in fact he obtained a different inequality which can be put into this form for 
partially hyperbolic diffeomorphisms): 

hM)<VEAf)+ 

0<A.<A+e= 

The results by Przytycki, Newhouse and Kozlovski make use of the C^+" condition 
in Pesin theory, which we do not have in the case (we do not have the absolute 
continuity of W" either). However, as it was already remarked in other papers 
like [l], one has sufficient control of the expansion in the center-stable direction 
for almost every point, which together with the uniform expansion in the unstable 
direction helps us obtain the result. 

In the next section we will give the proof of Theorem 11.11 In the last section we 
will discuss different types of volume growth than can be associated with a foliation 
and relationships between them. In particular, when there exists a closed form non- 
degenerate on the unstable foliation of a partially hyperbolic diffeomorphism, then 
all the different types of volume growth associated to the unstable foliation are 
equal, and locally constant (they are equal in fact with the spectral radius induced 
by the map in the corresponding cohomology group). We discuss some applications 
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of these results to partially hyperbolic diffeomorphisms with the dimension of the 
center bundle equal to one or two. This paper is in the same spirit as |2j, however 
here we consider the case, and we focus on a different type of volume growth 
and a different topological condition. 

2. Proof of Theorem 11.11 

We will denote for simplicity u„ — ve^, A — A^cs, u = dim(i?") and d — 
dim(i?^''). The main idea of the proof is similar to the one used by Przytycki, Ko- 
zlovski and others: we will bound e"''(^+") fg^ 5) WA^Df'lE^WdLeb from bellow 
independently of n, for a large set of points x. 

The proof of the following lemma can be found in [T] . 

Lemma 2.1. Assume that TM = E^^ © iJ" is a dominated splitting for the 
diffeomorphism f , fi is an ergodic invariant measure, and A is the maximal Lya- 
punov exponent corresponding to E'^^ . Given e > 0, there exists > Q such that 
for fjL-a.e. x € M we have 

1™ E 11^/"^^ if'''(^))\E- II < A + 6. 

^ i=0 

The idea of the proof of this lemma is that lim„^oo ^ log ||r'/"|£;<:s(a;) || = A 
for /z-a.e. x, then lim„_j.oo ^ Jm^^S II^/"|s'==(2:) IMm = A, so choose such that 
Im TT 11^/^' |£:'=''(x)IMa* < A + e, and apply the Birkhoff Ergodic Theorem to the 
diffeomorphism and the real valued function x log ||Z)/^= l^jcsj-^.) || (one 

has to be a bit careful because fi may not be ergodic for /^'). 

The bundle i5" can be integrated to form the unstable foliation W^, but the 
center-stable bundle E'^'^ may not be integrable. However inside a ball of ra- 
dius 1 (eventually after rescaling the metric) around every point x € M one can 
construct fake foliations (or plaques) W^'^, with leaves and the tangent space 
TW^'^ depending continuously on the point, uniformly with respect to x, such that 
T^W^^ix) = Ef, and f{W^'^ro^x)) C W^y%)(/(a;)) for some tq independent of x 

(here W!j.%^{x) is the ball of radius rg in W!^''{x) with the induced metric). 

There exist fee > 0, C M, ^{A^) > i, such that for every x G A^, and for 
every k > k^, we have 

^ J2 log WDf"' (/*^' (x))Uc. II < A + e. 

There exist < r^ < ro, and a backward invariant cone field C^" around E'^'', 
such that for any x,y € M with d{x,y) < r^, and for any d-dimensional subspaces 
Ex and Ey of T^M and TyM respectively, which are tangent to C^^, we have 

\\og\\Df^'\Ej-\og\\Df^'\Ej\\<N,e. 

By making eventually smaller, we can assume that TW!^\ {x) is tangent to C^'* 
for every x G M . 
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For every fc > and every y G W'^r, (2^) such that /'(y) G W^^^-^ ^ for 
all < i < kNf, we have 



fc-l k- 



i=0 i=0 

Let i > maxxeM P/lc^ ||, i > 1, and = (fc. - l)iVexfi. 
Lemma 2.2. For every x G r < r^, n > n^, and for all < i < n, we have 
ri^Z(n,r)i^)) C W^/f(,),,/2(r(a;))- ^here r{n,r) - |L-^'e-"(^+2^)r. 

Proo/. We first remark that if s < r < tq then C W^"^y^^{f{x)), 

because L is an upper bound for the expansion in W^%. Using induction one can 
show that if r{n,r)L'^'^' < | (*) then the first k^N^ iterates of W^^^^^ ^-^{x) stay 
inside disks of radius r/2 of the fake center-stable foliation around the iterates of 

X. 

If x e ^„ fc > fc, and ?/ e W!^%{x) such that P{y) e W^f^),^^ (/'(a^)), for all 
< i < n = kN^ + I, < I < N^, we have 

\\Dn^^..^J<e''^^^L^l[\\Df^^\E^^.^^J<e'^^^^^^^^^ 

i=0 

so 

Therefore, if r{n,r)L'''^' < § (*) and r(n, r)e"(^+2<^)i^= < § (**) are satisfied, 
then again we can obtain by induction that the first n iterates of W^^^^^ r)(^) ^^^^ 
inside disks of radius r/2 of the fake center-stable foliation around the iterates 
of X. The condition n > for our choice of is equivalent to the fact that 
inequality (**) implies inequality (*), while the inequality (**) is equivalent to 
r(n,r) < iL-^'e-"(^+2^V, q.e.d. □ 

Now we continue with the proof of Theorem ll.il Lemma shows that for every 
X e A^, r < r^ and n > n^, we have W^'^^^^^^~^(x) C Bd„{x, §) C Bd„{x,r), where 

Let C" be a forward invariant cone field around such that Df is uniformly 
expanding on C". For every x € M consider to be a smooth (uniformly with 
respect to a:) foliations of B{x,l) tangent to C", which are uniformly absolutely 
continuous: there exist continuous real- valued functions ax '■ VKJr*(x) r)B{x, 1) — >■ M 
and f3x : B{x, 1) — R such that for every integrable function /i : M M we have 



h{z)dLeb= / cex{y) / lix{z)h{z)dLehD^(^y)dLeh^astx)- 

B(x,l) JwsHx)nB{x,l) JD^(y) 

Furthermore there exists a constant C(/) > such that < ax^Px < C(/) for 
all X & M. 

For every x M, n > and y € W^^'*^(x), define D^{y) as the connected 
component of {D}l:{y))r\B{f" (x) , r) containing f^{y)- One can show by induction 
that, for every x G A^, n > n^, y £ ^^^^^^(n r)('^) ^^'^ < i < n, the distance 
between /'(y) and the boundary of Dl.{y) (measured inside f^{Dx{y))) is greater or 
equal than r/2 (this is because d{P{x), P{y)) < §)■ Let D2,y be the ball of radius 
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r/2 inside D'^{y). Since D^{y) is tangent to C" for all z > 0, we obtain that there 
exists a constant C(C") > such that vol(£>",^) > C(C")r" for all x e A^, n> Ue, 
r < Tj, and all y G ^^^(n r)(^) (C'(C") is independent of a; and n). Also D^y and at 
least n pre-images of it are tangent to C", so uniformly contracting under /~^, and 
because d{P{x),P{y)) < § for ah < i < n, we get that /""(D^ly) C Bd^{x,r), 

for all X e Ae, n > rie, r < and y £ W^^fr(n,r)(2^)- 

In conclusion for every x £ A^, n > n^^ and r < r^, we have 

'^yew-^,„^^^i.)r"{Dly)cB,Ax,r). 
There exist a constant C"(/) > such that vol(W^^';(„ > C"(/)r(n, r)''. Then 

\\A"DnTD^A\dLeb 



> 



> 



> 



My) f f3{zM''Dr{z)\TD^JdLebD^.^y^dLeb^.. 



We also know that E'^'^ © is a dominated splitting and TD" is close to i?", 
so there exists a constant C"{f) > such that 



1 



C"{f) 



\\A-Dr{z)\TD^\\ < \\A-Dr{z)\E4 < C"(/)||A"i?/"(z) 



TD" 



for all X e A/ and n > 0. Consequently there exists c(/, e, r) > such that for 
every x € Ag, r < and n> n^, we have 

||A"i?r(^)b" IMie& > c(/, e, r)e-"''(^+2^). 

Now let S' C be a maximal (n, r)-separated set in A^. Then S is also a 
(n, 2r)-spanning set for A^, so the cardinality of S satisfies the inequality \S\ > 
N{n, 2r, /, /i). Then for r < and n > we have 

/ \\A^Driz)\E4dLeb > J2 f ||A"i?r(z)|£;. |MLe6 

> c(/,e,r)Ar(n,2r,/,/i)e-"'^(^+2^), 

so 

^^S" (/) > ^c?^ ^ 2(ie + lim sup — log N{n, 2r, /, /i), 

and taking r — )■ we get that ve^ (/) > h^{f) — dX — 2de. But this is true for every 
e > 0, so ve^ if ) > hf^{f) — dX, and this finishes the proof of Theorem ll.il 
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3. Different types of volume growth 

Besides the integrated volume growth which appears in Theorem II. H there are 
other types of volume growth which can be associated to an invariant foliation, or 
more restrictively to an unstable foliation. We will consider again / to be a 
diffcomorphism of the compact Riemannian manifold M with a dominated splitting 
TM = i?^^ © E"^, with uniformly expanding, which implies that is uniquely 
integrable to form the invariant unstable foliation ]¥"■ with leaves. Let d be the 
Riemannian metric induced on the leaves of W^, and consider the family of disks 
of radius one inside the leaves of the foliation W^: 

TiW) = {B^{x, 1) C W"{x), X £ M}. 

We define the volume growth, respectively the absolute volume growth of VF" under 
/ to be 

Vuif) = sup limsup i logvol(/"(D)); 

Kif) = limsup- sup log vol(/" (£>)). 

These invariants are independent of the Riemannian metric, and can be defined in 
fact for any invariant foliation with leaves (not only the unstable one). The 
exponential rate of growth of the volume of any disk inside a leaf of a foliation 
under iterates of / is bounded from above by fu(/)- 

We will also consider a family of disks uniformly transverse to E'^'^ and of uni- 
formly bounded size: let u = dim(i?"), S < minxeM ^{E'^{x), E'^''{x)), and define 

F(W^") = {D = Image(<7) : g G C\B{0, 1) C M", M), ||L><7|| < 1, Z{TD, E'^) < S}. 

We define the extended volume growth, respectively the absolute extended volume 
growth of with respect to / to be 

Vu{f) = sup limsup i log vol(/" (£>)); 

Kif) = limsup- sup logvol(/"(L))). 

Again these invariants are independent of the Riemannian metric, and can be de- 
fined in fact for any invariant splitting. The exponential rate of growth of the 
volume of any disk uniformly transverse to E'^^ under iterates of / is bounded 
from above by ««(/). We remind also that 

vu{f) = limsup i log f \\A^Dr\E^\\dLeb. 

Clearly Vu < Vu and v'^,Vu < v'^- Also w„ < w^, and if the disintegrations of 
the Lebesgue measure on M along the leaves of are absolutely continuous with 
respect to the Lebesgue measure on leaves with densities uniformly bounded from 
above (which is the case for VF" for C^+" diffeomorphisms), then Vu < w^- It is 
easy to construct examples where u„ < w„ . We are not aware of any example when 
Vu,Vui ^y- and are different, it is possible that some of the inequalities above are 
in fact equalities for every partially hyperbolic diffeomorphism, and one always has 
the inequality zJ„ < Vu- One can prove that all the five types of volume growth are 
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equal when there exists a smooth closed form ui G fi" (M) which is non-degenerate 
on VT". In fact in this case the volume growth is equal to the logarithm of the 
spectral radius of the map induced by / on iI"(M, M), and is constant for small 
perturbations of /. 

Theorem 3.1. Let f be a partially hyperbolic diffeomorphism on the compact 

manifold M such that there exists a closed u-form lu which is non- degenerate on the 
unstable foliation (which has dimension u). Then all the five types of volume 
growth associated with the unstable foliation which we defined above are equal with 

log spee{f*), where f* : H"{M,R) — !> H"{M,'R) is the map induced by f on the u- 
cohomology group of M . The same is true for all close enough diffeomorphisms. 

Proof. The main idea of the proof is that the rate of growth of nearby disks in 
the unstable direction can be related using the closed form uj. Fix two continuous 
invariant cone fields C" and £>" around the unstable bundle such that cu is 
non-degenerate on the closure of and C" is strictly inside I?". We say that D 
is an u-disc of size r centered at a; if D is the image of a embedding of the unit 
M-dimensional disk into M, tangent to C", and, with respect to the metric induced 
on D, doix, y) = r for all y G dD. We will assume that every w-disk D is oriented 
such that w > 0. We have the following Lemma. 

Lemma 3.2. Let f be a partially hyperbolic dijjeomorphism on the compact man- 
ifold M such that there exists a closed u-form co which is non-degenerate on the 
unstable foliation (which has dimension u), and C" and be invariant cones 
as above. Then there exist 6,r,R,C > suh that for any x,y G M, d{x, y) < 5, 
any u-disk of size r, any u-disk Dy of size R, and any n > 0, we have 
vol{f^{D,))<Cvol{f'^{Dy)). 

Proof. We choose 5, R and small enough such that for any u-disks and 
Dy of sizes r. respectively R. with d{x. y) < S, there exists a it-dimensional 
submanifold S tangent to D^, diffeomorphic with x [0, 1], such that S-\-Dx—Dy 
is the boundary (in the simplicial sense) of a C^, {u + l)-dimensional submanifold 
{S is again oriented such that /^w > 0). There exists Ci > such that for every 
w-dimensional submanifold D C M tangent to C" we have ^vol(£') < l/jjwl < 
Civol(D). If /" preserves the orientation of D^, Dy and S, we obtain: 

vol(r(D,)) < Ci [ u; = Ci/ uj-Ci [ UJ 

< Ci / w < Cfyol{f^{Dy)). 

We used the fact that w is closed and non-degenerate on the invariant cone field 
D". If /" does not preserve the orientation of D^, Dy or S, then it must reverse all 
of them, because iterates of submanifolds tangent to D" stay in i?" and D^UDyUS 
is connected, and the same result follows. Let C — q.e.d. □ 

In order to prove that all the different types of volume growth are equal, it is 
enough to show that {'"(/) < Vu{f) < Vu{f). 

Claim 1 w2 (./)<««(./) • 

We will use the definitions from the previous section for the local foliations W^^ 
and D". For every a; e M, let 

Ua: = ^yeW^^,{x)^x,yi^)' 
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where y{R) is the ball of radius R centered at y in D^y, the leaf of the local 
foliation D" passing through y (we can assume that R and 6 are small enough). 
There exists a sequence of disks Z?„ G F(W^"), such that 

<(/) - limsup - logvol(/"(i^„)). 



n 



Without loss of generality we can assume that Z?„ is a u-disk of size r centered at 
Xn- We obtain (C represents different constants independent of n): 



> 


1 

n 


log 


> 


1 


log 




n 




> 


1 


log 




n 




> 


1 


log 




n 




> 


1 

n 


log 



Cvol{r{D:^jR)))dLeb 

re, 5 

-logvol(/"(D„)). 

n 

We used the fact that ||A"Z?/"|£;u || and \\A^Df '" \xD^ II are comparable, and 
l3,j; are uniformly bounded away from zero, and Lemma 13.21 for the last inequality. 
By taking the limit for n oo we obtain v'^{f) < ««(/). 
Claim 2: < vM)- 

For every x G M, let 

Because M is compact, there exist xi,X2, ■ ■ -Xi G A/ such that M = u'^j^T^.. Then 
there exists 1 < k < I such that 

Vuif) = limsupilog/" WA^OriE^dLeb 
= limsup -log /" ||A"i:)/"i£;,.||dLe6. 

^ k 

For simplicity we will denote Xk = x. Again letting C be different constants inde- 
pendent on n, we obtain: 



Vuif) - limsup-log/ WA'^DriE^WdLeb 

n^ca n Jy^ 

< limsup-log / CWA^'DriTD^WdLeb 

n~nx n Jy 



'14 

limsup-log/ Ca, I MA^Dr\TD^\\dLeb 



n 



< limsup-log [ Cvo\iriD^yir)))dLeb 

< limsup - log vol(r(VF;^(a;))) <«„(/), 

n— >-oo ^ 
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where Wl^{x) is the ball or radius R centered at x inside W^lx). We used again 
Lemma 13.21 the fact that ax and /3x are uniformly bounded from above, and the 
fact that WA^'DPIe^W and ||A"D/"|TDi. || are comparable. 

We remark that whenever Lemma 13.21 is true for a given partially hyperbolic 
diffeomorphism, it follows from the above argument that all the types of volume 
growth associated to the unstable foliation are equal (this could be applied for 
uniformly hyperbolic maps for example). 
Claim 3: = logspec(/*). 

We could prove this claim using the results from f6^ , however we prefer to give a 
different proof, avoiding the use of currents. In order to relate the volume growth 
of disks with closed differential forms we need the following lemma, which says that 
for almost every u-disk (in some sense) , the volume of the iterates of the disk grows 
faster than the volume of the iterates of its boundary. 

Lemma 3.3. Let f be a diffeomorphism of the compact Riemannian manifold 
M, and a : D{0, 1) C ^ M a embedding (its image is a disk of dimension 
u). Assume that f is uniformly expanding on Di = a(I?(0,l)), and denote Dr ~ 
a(Z?(0, r)) for < r < 1. Then for almost every r G (0, 1], we have 

li- ^^^m^ = 0, 

n^oc V0l{f^{Dr)) 

and the convergence is exponential. 

Proof. The uniform expansion of / on Di means that there exist c > 0, A > 1 such 
that 

\\Df"{v)\\ > cA"Hwl|, Vn e N, Vu e TDi. 
Let F„(r) = vol(/"(i:>^)). Then 



Fnir) 



so we have 



/ \\A'^Df"\TDAdLeb^ f \\A'^Df"{a{x))\TDj-\Da\dx 

JDr JD(O.r) 



S{0,t) 



\\A"Df^{a{y))\TDA-\Da{y)\dydt, 



F:,{r)^ / \\A-Df"{a(y))\TDj-\Da{y)\dy. 

JS(0,r) 

On the other hand, using the fact that \\A'^Df"-{a{y))\TDj > cX''\\A''-^Df"{a{y))\TD^ 
for some fixed constant c > and every y e D{0,1) and n > 0, we obtain 



vo\{f"{dDr)) = f WA^-'Df^lTdoAdLeb 

JdDr 



< 



\\A^~^Df"{aiy))\TaDA\ ■ \Daiy)\sio.r)\dy 

S{0,r) 

c 

— F' ir) 



A" 

for some C which depends only on / and a. If /i is an upper bound for IjA"!)/!! 
on M, we get that i^„(l) < C'/i" for some C" > 0, or logi^„(l) <n\ogfi + logC". 

Let 1 < A' < A and r„ G (0,1) such that F„(r„) = 1 (clearly r„ is decreasing 
to zero). Let i?„ = {t ^ [r„, 1] : (logi^„(i))' > A'"}. Because logi^„ is increasing 
we get that Leb{Rn) < "'°s/^+iog c\ denote by S,, = Llz>nRi, it is easy to 
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IS 



see that Leb{Sn) converges to zero (this is because the series X^^i " a'"' °^ 
convergent). Let S = n^jS'n, so Leb{S) — 0. 

For every r S (0, 1] \ S, there exists no € N such that r > r„Q and r ^ Sno, or 
(logF„(r))' < A'", for all n > no. But this implies that jfjpj < A'", which together 

for 
□ 



with the inequality vol(/"(9Z?,)) < ^F,;(r) gives that < C (^)" 



all n > no, which finishes the proof. 



We continue with the proof of the Claim 3. Let uji — w, a;2, W3, . . . be 
closed forms such that the cohoniology classes [wi], [a;2], ■ • ■ [w/j] form a basis in 
ff"(M, R). Let A be the matrix corresponding to the linear map /* : _ff"(Af, M) -> 
£r"(M,R), and denote A' = (a^^-)i<,j<fc. Then [f*'{uj)] = Y,-=i a'lNl' so /*'(^)- 
12'i=i — for some {u — l)-form w'. If is a u-disk then 



voI(/"+'(D)) < C 


f - 


c 






Jf" + '{D) 







< c 



k 



c 



df^(D) 



< C'vol{r{D)) max \a\,\ + Civo\{dr{D)), 

l<i<k 

where C" is independent of n, I and C'l is independent of n. If we have that 



lim„_ 



V0l(/"(9D,.)) _ 



O, then 



VOl(/"(D,,)) 



(which is true for most of the disks because the Lemma 



max a,-i 



C" 

From here one can easily obtain that 



1 ,. vol 
> — hm sup -^—^ 



1 



log( max |a,i| 

/ l<i<k 



hmsup ilog(vol(r(i^))), 



and then 



logspec(/*) > lim sup y log( max \a\i\) > lim sup — log(vol(/"(_D))). 

>oo ^ l<i<fc n—¥oo ^ 

But now every w-disk can be enlarged to a disk that satisfies the conclusion of 
Lemma [331 so logspec(/*) > ««(/)• The opposite inequality, logspec(/*) < Vu{f), 
is also true for every partially hyperbolic diffeomorphism (for a proof see [7] for 
example), so indeed we get that logspec(/*) — Vu{f)- 

The fact that the result holds also for nearby diffeomorphisms follows from the 
fact that the conditions from the hypothesis are open. □ 

It is not difficult to show that all the types of volume growth defined above are a 
lower bound for the topological entropy of / (it is enough to prove it for v'^ , see [7] 
for example). As a consequence of the results from this paper, and using basically 
the same methods from 51, we get the following corollaries. 

Corollary 3.4. If f is a partially hyperbolic diffeomorphism with the dimension 
of the center bundle equal to one, then 

h{f) ^ max{iJi,(/),iJ„(/"^)}. 
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Corollary 3.5. // / is a partially hyperbolic diffeomorphism with the dimen- 
sion of the center bundle equal to one, and there are closed u- and s-forms non- 
degenerated on the unstable, respectively the stable foliation, then the topological 
entropy is locally constant at f in the space of diffeomorphisms, and is in fact 
equal to maxjlog spec/,*, log spec/*^]^}. 

Corollary 3.6. /// is a partially hyperbolic diffeomorphism with the dimension 
of the center bundle equal to two, and fx is an ergodic invariant measure for f such 
that h^{f) > max{vu{f),Vu{f~^)}, then is hyperbolic. 

Corollary 3.7. If f is a C^'^" (or C°° ) partially hyperbolic diffeomorphism with 
the dimension of the center bundle equal to two, and there are closed u- and s-forms 
non- degenerated on the unstable, respectively the stable foliation, then the topological 
entropy is lower semicontinuous (or continuous) at f in the (or C°° ) topology. 
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